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ABRSTRACT S

The design of underground, imernaiiy Pressie -ﬂpénings ar shailow depths re-
quires knowledge of the ultimaie tensite :.tft.ngth and tensile constitutive relation-
ship of Ihe surrounding rock. :

In ordzr to mvcstagatc the behawor af rm. o v:mm,u under cendmom
simifar to those predicted for mlemallv pressarized:openings, the hoop-stress load-
ing test has been empiovcd and’ found advanta
However, the inter pretation of the résults nf
simultanéous existence of tensile and compres
cylindrical specimens. Neglecting this fact; “an
solution, which assumes that the constitutive bek
in compression and tension. leads to crmoneous: ey
an over-estimation of the tangemial stresses An Analytical i s devekipeds
which takes into account the exwinsic anisotropy induced-by. the presence of cont-
pressive siresses along the radial direction: aud'_tansiie siresses along the tangential . .
direction in the hoop-stress loading wsf. The magmtufie of error associated wnth the
incortect assumption of equal elastic constams i ten&ac»n and compression m also :
investigated. The deveioped pmecdare of | sl evatuation of a hoap stress _ ;
loading test is illustrated in the case:of rol _d_é_iéﬂ. a {ypical " '
exarmple of a rock with different clastic comtan @ o o mmprea&fm

The effect of the extrinsic anisoropy is cnnsudcrad as an important factor when
employing hydrofracturing iechmqu&s or cic:,tgmng g:as atnrage cavities in rocks
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where the elastic constants in tensmn am:l »ompressmn dlffer

INTRODUCTION _
A guantitative appreciation of the analysis of any rock

mechanics problem is unpossible, unless a knowledge of

physical-mechanical properties of the associated rock mate-
rials can be established.

In probiems linked with internally pressurized openings,
t.e. hydro-power tunnels; underground gas storage cavities
and hydro-fracturing  techniques, the ultimae tensile
strength and the constitutive description of the tensile

stress-strain relationship is considered of paramount impor-

tance for the stability of the underground opening.

The tensile strength of any rock material is & complex
subject. [t s not spparently a unigque property (although
fundamentally it probably is) but is affected by the size of
the specimen vnder test, its shape, the type of stress to be
applied, the strain rate and the environmental conditions.

ﬁ@-&_{:k salt,. in particulur, is known as being basically an
aggregate’ of crystals embedded in marl, and most of itz

‘engineering propertics, including tensile strength, depend

on the strécture of those crystals and the way in which they
are bonded together, The behavier of the rock will also be
affected by imperfections in the structure, such as voids
{pore space), cracks, inclusions, crystal boundaries and
weak particles.

In addition, structural factors are important, therefore,
fending to overwhelm the mechanical variables aad compli-
cate the phenomenon of fracture on tension of rock salt.
Consequently, in cases of internally pressurized openings.
the study of the tensile sirengidr should involve a testing
procedure capable of simulating stress and geometrical
boundary conditions similar to those predicted for the actual
louding conditions. Accordingly, from all the different test
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methods for evaluating tensile strength, the hoop-stress
joading method is considerad as the most appropriate.

The work which has been done on the determination of
the tensile strengih of rocks is guite impressive and numer
ous papers deal with this subject. in fact, a thorough com-
parison between the results given by direct pull, diametric
compression of discs and annuli, and hoop-siress loading
has been presentzd by Hardy and Javaraman®,

Tests carried out by other workers employing the hoop-
stress loading techaigue have indicated that tensile failure of

the thick walled cylindrical specimens ocours at siresses

apparently considerably higher than the material’s uniaxial
tensile strength®, A similar phenomenan has been observed
with tests conducted with Cheshire rock salt in the Depart-
ment of Mining Engineering of the University of Newcastle
upon Tyne and, in an attempt to offer an explanation of this
apparent anomaly, an analytical solution based on exirinsic
anisotropy caused by the simullaneous existing compres-
sive and tensile stresses is presented.

EXPERIMENTAL METHOD AND RESULTS

Two large rock salt cylinders, with a ratio of internal to
extermnal radius of about 118, of inner diameter of 0.076 m,
and a height of 0,254 m, have been internally pressurized to
fatiure.

The loading of the specimens was achicved by pressuriz-

ing the inner surface of the cyiinder by means of u hvdraulic

borehole radial expansion packer.

First specimen. The specimen was pressurized up 1w
riupture in six incremental loading steps. After the peak of
euach step the pressure was droppad down 1o zero before
starting the next slep. Ruptuze oceurred ot the sixrh step and
ut & pressure of 10.34 MPa. The history of loading can be
seen in Pigure | where the circumferentia} steain is plotted
agginst mduced pressure. The loading curve represents the
average of the rcadings taken from a series of electrical
resistance strain gauges mounted on the inner surface.

The readings from a set of gauges fixed on the vuter
surface showed no apparent deformation during the pressuri-
zation of the specimen; this supports the theoretical expecta-
tions on the stress distribution around a circular opening.
Acarefulstudy of Figure | gives the following deductions:

1. The first loading shows a pressure-strain curve which is
characlerized by a concave upward slope. The radius of
the curvature incresses as the applied internal pressure
increases, In other words, as the pressure increases, both
Young's Modulus and Poisson’s Ratio show an apparent
increase that can be attributed to the closure of the open
microcracks which ure normal w the principal stresses.

2. After an internal pressure of | MPa the clastic constants
remain pnchanged in a region of lincar reversible elastic-
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figure I, Internal pressure—i{angential strain loading path for the first hollow cylindrical specimen.
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3. The linear clastic region erminated when the iaternal
pressure attained a critical value of 2.4 MPa, after
which [he increase in the applied internal pressure re-
silted in localized failures, b.e. microfracking. As can
be seen from Figure 1, the pressure-strain graph beyond
2.4 MPa is markedly citrved with the concavity directed
mwards the decreasing pressurz. This cwrvatere s
caused by permanent changes i the microfabric of the
rock. This can be seen clearly at the ead of every unload-
ing, where a permanent deformation set ks recarded. Tt i
also worth noting that the unloading paths show a lincar
deformation response since the presence of microcracks
is no longer important, the crack propagation ceasing
when load is removed.

Second specimen. During the testing of this specimen a
geophone, swuck on the flat surface of the specimen near the
hole, was used to menitor the microseismic aclivity during
the test. This activity. which is often referred to as *‘acous-
tic emission’” or “‘rock neise,” is related to sudden releases
of strain energy such as gram-boundary mavement, or initi-
ation and propagation of fractures through and between the
grains.

The specimen was pressurized up to rupture in four
stages of incremental Tvading. Afrer the peak of each step

i
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the pressure was dropped down 1o zero before starting the
nexl step. Rupture occurred at the fourth seage and st an
tnternal pressure of 1007 MPa. The pressure-strain path to-

gether with a gualitative representation of the micreseismic

activity is given in Figure 2. Up to the fourth joading stuge,
and including the 2.8 MPa pressure slep, the loading curve
represents the average of these readings tken from the three
individual strain gavges mounted on thé inner surface, Quce
the pressure of 2.% MPz was exceedad, one uf the gaupes
ceased to work, teducing the deformation reidings o two.
At the end of the experiment it was dmnveied that the
mpmn crack inittated from the location of the lost strain
catge,

A careful examination of Figure 2 leads 1o the following
conclusions:

The three first loadings show a pressure-stealn curve
which folfows a similus pattern 10 the one exhibited by
. the_first specimen, Up to a pressure of 8.3 MPa the
' 'u\femﬂ curve of the first spectmen is identical fo the
curve of the second specimen..

Ad interesting part of the: loading history is: the fourth
stage of pressurizarion. As soon as the critical valoe of
2.4 MP2 was exceeded, a svstem of fuvorably orientated
microcracks {which were initially formed when the pres-
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Fipgure 2. lnternal pressure—iangential strain loading path, together with a gualitative representa-
tion of the microseismic activity of the secondt hollow cylindrical specimen.
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sure mcreased bevond 2.4 MPa during the three previ-
cus ioading stages) developed to a sizeable erack.

3. Because of the development of the crack up to 4 cenain
depth, the other inper surface pauges showed a sudden
apparent strain recovery due to the surfaces stress relief
by the crack.

4. W can be seen that the intensity of microseisms was
directly conpected with the initation of the major crack
and the final development of this crack into a structural
failure of the specimen.

By comparing the two loading curves from Figure |
and Figure 2 one can see that the strain-pressure path
deviates fram the lnear elastic pattern as soon as a eriti-
cal value of 2.4 MPa is excecded. At this pressure
{wherc microcracks initiated) the circumferential strain
of the inner surface of the specimens was 150 miero-
strains.

Taking into sccount the inner pressure ut the moment of
the initiation of fallure was p = 2.4 MPa, then, on the
basis of the dimensions of the specimens, the tensile stress
at the inner surface of the specimen will be, according to
Segly and Smith {3):

Te = ~1.031746 (—p))

The above equation derived from the classical theory of
Hookean clasticity yields a value for the ultimate wensile
strength af rock salt of the order of 2,48 MPa, which is far
from the value of 1.6 MPa that Dack (4) has determined
experimentally for the same material,

If it is accepted that the detection of initial surface frac-
wring al 2.48 MPa was fortuitous, being dependent simply
on the magnitude and location of the developed crack, it
foflows that undetected fracturing may have occurred at
fower stresses eqguivalent to the vniaxial tensile strengrh.
However, an increase in the intemal pressure required to
ititiate fracturing could aiso occur if an extrinsic anisotropy
with respect to radial and tangential direction exists because
the elastic constants in wnsion are less than that in compres-
sion. Such a variation which is a property exhibited by most
rock materials of very low tensile sirength {5) would also
lead 1o an apparently excessive deformation of the bore of
the cylindrical specimens.,

ANALYSES

A linear elastic constitutive relation ts developed for a
material displaying a difference between compressive and
tensile elastic constants, which in the case of a hoop-stress
loading test may be treated as z frapsversely amisotropie
material, since it will be in compresston radially, and ten-
ston tangentially.

If the comprassive Young's modulus and Poisson’s Ratio
are E., v, and the tensile values E, v, then the isotropic

Hookes Law in polar co-ordinates may be re-written for a
plane stress analysis as (Appendix):

;o= g, O _ g GhEe
U; E‘C{k_i)rﬂ.r Eﬁ

|22
where k =—
E,

It may be shown that the stress components for the hoop-
stress loading test can be expressed in terms of the dimen-
sions of the specimen, the inner and ouwter pressure, and X,
a5 follows {Appendix);

R N s S M
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T, = x(r& l(psr! CX—1 __,_ptro—x'-'t‘) -+ {parix—l)r- }{-‘L)('
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1k,

where 5 = 3R mm, 5, = 303 mm are the intemnal and exter-
nai radii of the specimen, and p; and p, = 0 are the internal
and external uniform pressures.

As was mentioned in the experimental results, at a critical
inner pressure of 2.4 MPa an apparent failure—in the form
of microcracks—was postutated for the inner surface of the
specimen.

Using this pressure as the value of p, the tangential and
radial suesses were calculaied on the basis of equations (1)
with the help of a computer program®. The resultiog values,
for different values of k, are ploited against the ratio o/ in
Figure 3. Furtherimore, the relationship between the cir-
cumferential stress on the inner surface of the cylinder and k
i given in Figure 4.

The circumferential strain on the inner surface of the
cylindrical speciren is obtained from equation (A1) of the
Appendix as:

where x

€ = (kee—v.0.} JE. , (a1 = 13} ()

The compressive Young's Modulus of rock salt” is of the
order of 36 GPa, and ¢, at r = r; was measured during the
tests and found equal with 150 micro-strains at an internal
pressure of 2.4 MPa, The radial swess o, atr = 1 is cqual
with the applied internal pressure, and the valwe of oy sl r =
f; is taken from Figure 4, therefore the relation beiween k
and Poisson’s Ratic in compression can be determined
using equation (2).

The resulting values are given in Figure 3, where the
variation of k with ¢, can be seen, and employing a valve of
¥, = (.21 that was determined for rock salt’ then

kK ={F/E) = 3.6
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Figere 3. Stress distribution for thick welied cylinder for differ-
enf values k (= E./E).

Furtheemore one can see from Figure 4 that the wnsile
stress at the inner surface of the rock selt specimen af an
inner pressure of 2.4 MPa for k = 1.6 is of the order of
1.6 MPa. Ir wus mentioned before that ar this pressure
microcracks were formed on the inner surface, denoting the
material’s failure in tession, hence the lensile strength of
rock salt corresponds o 1.6 MPa. This value agrees with
the uniaxiaf tensile strength determined? for the same mate-
rial.

If sumeone wants to explain the anomalous high value of
the apparent tensite structural strenzth of the specimen (and
not of the material), which atlowed for intemal pressures of
the order of 10.7 MPa then the following approach” could
be used,

if it is assemed that material failure occurs when any
principle stress becomes equal o 1.6 MPa, then it may also
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be assumed that, within any volume where the stress value
has been rcached, the maximuun possible stress in the zp-
propriate direction will he equal o 1.6 MPa. This will lead
to g fractured zone” which is in many wavs analogous w
the ‘plastic zonz™” of the clastoplastic theory?.

In the pressurized thick-walled cvlindrical specimen this
fracture zone wili be bounded by a “fracture front” which
and bounded internally by the inner surface. Exiemnally the
fraciured zone wili be bounded by a ““fracture front’” which
wiil coincide with the limit of the critical strass value. As
the internal pressure is increased this fracture frone” will
propagate outwards, and when 1t coincides with the external
surface of the specimen structoral tailure will accur.

Expressed in mathematical terms this theory states that in
the fractured zone the cquilibrivm equation holds, and:

ﬂuté = LH U‘r* - Mpi at r = 3
while in the intact zone where the boundary conditions ave
gemof oy =oFair=rundo, = 0mrr =g,

where ¢r,, 7, are the radial and tangential stresses in the intact
elustic region,

ok, o are the radial and tangential stresses in the Frac-
tured zone

r. is the fracture front radius

L, T, are the internal and external radii of the cylindrical
specimen, and

T isthe eltimate uniaxial tensile strength of the material.

The equilibrium equation which is given in the Appendix
when appiied in the fractured zone has a solution

cri"éc = (A;r} “+ Tu

where A is an arbitrary constant which can be defined from
the boundary condition atl r = r, hence

A= - gl Tyl

so that or® = T, (1—in/t)y — (pnic) {3

If p, is sufficiently smal} for the tangenual stress atr = 15 1o
be less than the uniaxial tensile strungth, then the fracture
front radius 1. will be equal to r and the sfresses will be
given by equations (1),

Structural failure will cccur when the fracture fromt
reaches the external surface sothat . = . Batarr = ¢, o
= 0 hence equation (3) becomes:

po= Ta(ininy— 1)

PN R AT
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which provides the inner pressure at which structural fatlure
is expected. Substituting in the above relation a ratio of
{ro/r} = 8 and a value for T, = 1.6 MPa, then:

p= 1.2 MPa

which is within 3% of the observed values mentioned in the
experimental resalts,

The structural fracture of the laboratory specimens there-
fore can be explained by the development of & fracture zone,
the exteni of which is determined by the internal pressure
and limited by the inhomogeneity of the stress field.

CONCLUSIONS

Hoop-stress loading tests employing thick-walled cylin-
drical specimens offer g reliable method of determining the
tensile strength of rocks surrounding internally pressurized
underground openings. However, the interpretation of test
resuls becomes involved because of the simultaneous exis-
tence of compressive stresses alony radial direction and ten-
sile stresses along the tangential direction. For rocks, like
rock salt, possessing different constiturive relationships i
tension and compression, thus developing an extrinsic
anisotropy with respect to radial and rangential directions,
the evaluation of the hoop-stress loading tests based on iso-
tropic stress solutions lcads to a considerable error in es-
nmating their tensile strength,

To obtain the appropriate ultimate temsile sirength,
analytical solution obtained here by introducing the ratio of
the elastic constants in (ension and in compression, can be
used,

The indicated analysis which was adopied to determine
the copstitutive relationships for rocks exhibiting extrinsic
anisotropy is found to be satisfactory for the case of Che.
shire rock salt.

The practical application of the developed theory is in the
arca of design of internally pressurized openings, i.e.
hydro-power tunnels, underground gas storage cavities and
hydrofracturing techniques,

APPENDIX

Assume a rectangular parallelepiped with ks sides parallel o
the co-ordinate axes acted upon by a normal {ensile stress oy uni-
formly distributed over two opposile sides. The magnitude of the
normal strain €, is given by

€ = @i
where E; is the modulis of elasticity in tensioa. Extension of the
body in the direction 1 i3 accompanied by z lateral contraction in

btk 2 and 3 direcsion: thus

& = vila /By and —€; = vi{o/E)

where p, is the Poisson’s Ratio in tension.
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If the rectangulur paralielepiped is subject to a compressive
stress o, uniformiy disiributed over two opposile sides, the follow-
ing relations are obtained

£ = (0B, —6 = wlu/B), —6 = wio /B

where v, and E; are the Poisson’s Ratio and elastic modulus in
compresstan,

If the above parallelkepiped is submitted sirsultanecusly 1o the
action of normal siresses 7, oy, o5 uniformiy distributed aver the
sides, the resultant components of struin can be obtained if we
superpose the stryin companents produced by each of the three
STESses,

Hence: €, = (B — wlo By ~ walo/Ey)
€ = —(eJE) + (B — vyl /Ey)
€, = ~,(0JE) — vilr/E) + (o/E)

It is noteworthy thi o, and o, were both tensile therefore
E, = E; and », = w, consequently the above equations becoms:

€ = {UU’El) had I-’g{ggllEg) - Vl{qsfa}
€ = —v(o/E) + (0B — viledEy) (AD)
gy = {0 /E;) — wla,/E:) + (04/E))

and by using mairix representalion the above equations are sim-
plified inta the following:

& SOy _ Cr Cia T
€ O Ca . L &,
€ Ca o Cus oy

However, it ié_knﬁ_wn‘ that C 5 = Cy therefore €y, = €y and

Cg = Gy Consequently:
nfB, = w/E,

or, EJE, = wh, =k (AD)
where X is the ratio of efastic moduli in compression and tension.

Taking into zccount the above equation the stress-strain
equations becomes:
= o fE) — vulodEy - v {osfE)
€ = =vy{o,/Ey) + (e By) — waloa/Es} (A3)
& =~y /E) —~ w0 ) + (TdEy)

€

Applying the concept af plane stress over the (1, 2) plane, o
becomes 2ero, hence:

A R AN R N S T e s
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y | o b
T
CTUECYE
£y = O, = a‘—i
r s 'R .fE_'

o v
£, = UI'[_; Rl O E.“

) ¥ 1
€= Oig F g

Rewriting the above equutions in order 10 eXPress siresses in
terms of strain we have:

i
o, = "i"““k“vy (€, —kre;)
(A4
kE
O, = e {6+ HE)
Pk

Let us now consider a cylinder, whose inner and ower radii ame
t. and 7, and whose iener snd auter surfagces are ucted upon by
aniform pressures -py and —p, respectively

Taking into accoutnt the symmetrwal nature of the internal
and ¢xternal hydrostatic loading it is obvious that the shear siresses
are zero, henve the equilibrium equation is reduced nto:

oy - o, ~ ¢ (degdn = ¢ A3

In addition e [lfilling the eguilibrium rzquirements. e
strains must be comparible and satisfy the constintive relations. If
u s the displacement of the muterial ut radius £, then (u — (dw/
drydrey is the displacement of the material of tadius (r 4+ dr). Thas
the stramn-dispracement eguations are

€. = (v + (dwidry dr - ul dr = dufdr (A6}

€ = {{r+w) dt ~ rd) Tdt = wr

where g, and ey are sirains in the radial and tangentiaj directions,
Using eguaions ¢ A4) aod substituting subscript | for { and
subseript 2 for r we et

{AT)

ggm—iu-ti+k$9 (AS)

o KE (9_'.1, +p "‘) (A

Using equutions { A&}, and (A9 the equilimivm equation {AS)
may b writien:

de o du 0y (A1)

CEC ST w T

and since k # (1 we can divide by k and we get

d*u
ar

! du S
TE TFE=

The above equation 5 a homogeneous Jinear differential equation,
which i multiplied by 1* becowmes 2 second order Euler cquation.

0ot

fut e -

] —

By setting 1 = exp (1, thanv” = ti~wWexp (-3 and 8 = 1 exp
(—1), where the dot denotes differentiation over . and the shove
egualion yvields

G~ u=0 (511

L
£ =0
hence Z=x1.K tAL2)

And by serring
1 . L
k= Z the complementary integral of (A10) 1 glven as
u = O exp (A7) + C, exp (x4}

but since ¢ = exp (1), then ( = Indr}, conseguenily

U= G+ Ok (ALS)
Since the right hand side of eguation [A11) ks zero the particular
integral is zero, and so equalion {A13) is the goners! imegral of

eguation (A10), und the stress components are now {ound by using
the solutien {A13) in equutions (AE) and (AD).

A Pkt

o, = %B O + Oy e 3 {A14)
K-y X+
o 1»,‘---1‘

o, = Eb £ —eem - L_:_,__,_} {ALS)
X Xty

The constants €y, ; are determined by the boundary conditions:
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Therefore from aguation (A5}

C o= {x '“v){p,ro“"““ — PuTi X1y
' KE([;K_.';’O“_‘ - {‘K“‘nr“ \(--1}

c, = (FR T3 11 AR 8 Ay
£ KE({!‘-K' Irﬂx~1 — r!_rrlr"—-x--\}

Substituting the above relations in 2guations (Aj4) and (ALS)
and using cquation (A12) we find the expressions

O

LLE1

= {F‘—'If_pul‘; X3 ""p}fq”"ﬂ) - ':pnr:x Y p}r{"xwi}r—-x--- !.)‘.!

“nx-vlro—x. l_rs—x.—lrﬂx--l)
= AT PR T R T Y (PR T Y

;(r__‘)(." 1 ru'—.‘(-- 1 _{!—K' "11—01—1 ).
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